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Abstract

This paper presents a first main result on the existence
and uniqueness of solutions for a class of sixth order non-
linear fractional differential equations involving six sequential
Caputo derivatives. A second main result on Ulam- Hyers sta-
bility of solutions is also discussed. At the end, two eramples
are discussed to show the applicability of the main findings.

Keywords: Siz Sequential Caputo derivatives, Existence and uniqueness,
Fized point, Ulam-Hyers stability.
2010 Mathematics Subject Classification: 34A08, 26A33.

1 Introduction

Fractional calculus is a branch of mathematics that generalizes derivatives and
integrals to non-integer orders, allowing them to take any real or complex
value. This generalization provides a powerful tool for modeling processes
that exhibit nonlocal or memory-dependent behavior, which are often encoun-
tered in fields such as physics, biology, engineering, and finance. Unlike classi-
cal calculus, fractional calculus naturally captures systems where the current
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state depends on the entire history of the process, making it very suitable for
studying phenomena like anomalous diffusion, viscoelastic materials, and con-
trol systems, see, for example [3,6,17]. The Caputo derivative is particularly
useful for initial-value problems because it incorporates traditional initial con-
ditions. However, a key issue in the Caputo and Riemann-Liouville definitions
is the singularity of their non-local kernels, which limits their applicability to
real-world problems, as outlined in [4,12,25,30,32,36]. The present paper is
motivated by the need to cite and recall some classes of nonlinear differential
equations of high order, specifically in the context of the standard derivatives
with order six since the all the studied problem of sixth order can be seen
as limiting cases of our problem. These equations, accompanied by boundary
boundary conditions, provide a natural setting for incorporating global infor-
mation about the solution. Such problems arise in various applications, see for
instance [5,8,10,20,26,27,34,37]. R.P. Agarwal et al. in [2]|, the authors have
studied the equilibrium state of an elastic circular ring segment with its two
ends by a following problem of sixth-order:

v 4+ 20W 1" = f(2,0), inQ=(0,1),
v=12"=0v" =0, on Of).

In [28], the authors studied the existence of positive solutions of the non-
linear boundary value problem:

w® + f (z,w,w", wW) =0, inQ=(0,1),
w=uw"=w"®=0, on Of.

Then in [15], C.P. Danet studied the existence and multiplicity of solutions
for the problem:

0O 4 AW + B+ C (2)v+ f(2,0) =0, inQ=(0,1),
v=1"=v® =0, on Of).

In the article [11], the author investigated the existence, regularity, and
uniqueness of solutions for the boundary value problem associated with a sixth-
order partial differential equation. He used classical methods, such as the
maximum principle and the method of P-functions, and extended uniqueness
results for equations with non-constant coefficients in higher dimensions.

A%y — B(t)A% + C(t)Av — D(t)v = G(t,v), in €,

with boundary conditions v = Av = A%y = 0 on 99, where O C N¥ is a
bounded domain.
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In a very recent paper, M. Kaid et al. [23], discussed the existence and
uniqueness of solutions for the following class of alpha-fractional order

CDY(t) = My Fy(t,v@ (1)) + MyFy(t, v (1)) + MsFs(t,v(t)), te0,1],
v(0) = ap, v(1) = by, ap, by € R,

v'(0) = aq, V(1) = by, ai, by € R,

v"(0) = ag, V(1) =1by, a9, by €R,

where D denote the Caputo fractional derivatives of order a such that 5 <
a < 6, and u(t), n € {0,2,4} is derivative of the function u with respect
to t, where v: [0,1] — R is a given continuous function and M; (I = 1, 3) are
given constants.

Very recently, Bezziou et al. [7], discussed the existence and uniqueness of
solutions under boundary conditions of the form:

R (Ak)k:ﬁap € Ra

where D% denote the Caputo-Hadamard fractional derivative of order 4,
such that 5 < § < 6, and u(t), v € {0,2,4} are derivatives of u with respect
to t.

Also in [19], the authors discussed the existence and uniqueness for the
following equation:

D*D?Dx(t) = Fi(t,x(t),D"D'x(t)) + Fa(t, x(t), D"x(t))
+F3(t, x(1), I°x (1)) + Fult, x(¢)), t€[0,1],

with boundary conditions:

X(()) = 907 X(l) = Mo,
DY) = b D) = B
D,BD’YX(O) = 02’ D,BD’YX(:[) = U2, 92'7 Hi S R) 1= Oa 2)

where D¢ D © D7 denote the Caputo fractional derivatives of order a, 3,y
such that 1 < a, 8,7 < 2, I” is the Riemann-Liouville integral of order p such
that p > 0. the function x with respect to ¢, where x: [0,1] — R is given
continuous function.

In this work, we discuss the existence and uniqueness of solutions for the
following sequential fractional differential problem:
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D> D2 D D* D% D x(t) = my(t, z(t), D* D D D*x(t)) + mao(t, z(t), D* D*x(t))
g (t, 2(t), 50 () + malt, 2(1)), € [0,1],
x(O) = €p, I(l) = /\0, €0, )\0 S R,
D*z(0) =€,  D%z(l) =X, €, A\ €R,
D D¥z(0) = €, D*»D¥x(1) =Ny, €, Ay €R,
1)
where D denote the Caputo fractional derivatives of order a; such that 0 <
a; < 1, and I[°x is the Riemann-Liouville fractional integral order £ € [0, +o00].

2 Preliminaries on Caputo Derivatives

We need to introduce the Caputo derivatives. For more details, we refer to the
references [1,9,13,14,18,22,23,30].

Definition 2.1 Let o > 0 and f : J —> R be a continuous function. The
Riemann-Liouville integral is defined by:

1) = e [ =0

Definition 2.2 For any f € C"(J,R) and n —1 < a < n, the Caputo deriva-
tive is defined by:
n—o« dn

DUf(t) = IS (f()

1 t
— t— n—a—1 p(n) ds.
e | s
To study (1), we need the following two results [?]:
Lemma 2.3 Letn € N*, and n—1 < a <n. Then, the general solution of
Dy(t) =05t € J is:

n—1

y(t) = at,

i=0
where ¢; e R, 1 =0,1,2,..,n — 1.

Lemma 2.4 Ifn € N*, and n—1 < a < n, then, we have
n—1
I“Dy(t) = y(t) + > _ et
i=0

and c; e R, 1=0,1,2,..,n — 1.
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Now, let us prove the following integral equation.
Lemma 2.5 Let S € C(I). Then,

D1 D> D D D* D x(t) = S(t), t€[0,1],

z(0) = o, z(1) = Ao, €, Ao € R,

Do Z’(t)(O) = €1, Do 23(1) = )\1, €1, )\1 € R,

D D%e :IZ'(O) = €9, D De iL‘(l) = )\2, €9, )\2 S R,
if and only if

6

S S, S S,

wt) = I= 5(75)+(F3)1T§[so1—s021i:1 SA) +@sli=t S(1) + pal =1 5(1)]

6 4 [§ 5 6
ZOZZ‘ ; Zai ZO&Z‘ G1G2 ZO@ ZO{Z‘
xti=2  + T3 g1+ gl =t S(1)+¢sl=t S(1)— 5 [i=t  S(1)|t=3
4 6
6 Z&i Gl Zal ZOQ Zai
+Iy | AL + Agl =1 S(l)WLT[Z LS )_711 LS|t

6
Do

+eI'Sti=>  + g™ + €

where § # 0 and

G1G, G, K,

1 = Z3—T301-TiA1, o = 141300+ T4A, o3 =3—— 5 —Ij— 5 =TIj— 5 —I5¢3
-1 16 Ty —1 K1Go 1
(bl = (Gl) G3 - G2A17 ¢2 = (G1> F2(F2) - GQAQ? ¢3 = 6 - (Gl) )

A = %(Kleg —GiK), A — %(
Ky =13 -T5(T5)7'T5, Ko =13 —T5(T) "Iy, Ky =2, —T3(3)7'Z,
G =T5 —T5(T5)'T5, Gy =T4—T5(Iy) 7Ty, Ga =21 —I5(y) "' Zs,

Z1 =X — egfg - elfg —€g, Lo =M — egfg — €1, 43 = Ay — €9,

1

KiT§—GiI3)(T3) 7Y, 0 = K1Gy — KyGh,

Iy =
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Proof: We prove the first implication.
We utilise Lemma 2.4, we observe that

D@2 Do Do Dos D (4) = [°1S(t) + o,

a2

D3 D Do D gi(t) = [*1+2§(t) + lg—— + Iy,
( ) ( ) OF(OQ + 1) 1
DD D Joataztas g l e l i l
(o7} as a6$ t — a1 TO2TA3 t + + + ,
(> () OF(OZQ—I—OZ?,—F]_) 1F(Oé3+].) 2
oo [ortortastarg l to2tasz+ad l tastos
as D6 (1) = Qrtazraztas Gy +
() . () OF(a2+a3+a4+1) 1F(043+Oé4+1)
Qq
o + 13,
Tlag+1)
oot S l ta2+a3+a4+a5 l ta3+a4+a5
Daﬁx t — qu Qa2 T3 T04T05 t _'_ +
*) N ®) T(as+as+as+as+1)  'T(ag+as+as+ 1)
toatas as
+ls + I3 + g,

I'ag+ a5 +1) ['as+1)

x(t) = [xtoatastastastasG(g) 4 [, g
josacsanias Lztastatostostl)
+Z1F(a3agk ay+as+ag+1) + l2F(Oé4 +as+ag+ 1) * Z3F(a5 +ag+1)
—i—hm + 15,
we have

z(0)=¢€ = ls=¢
D z(0) =€ = ly=¢
DD z(0) =€ = I3 =€
By considering
z(1) = Ao,

D®s l‘(l) = )\1,
DD (1) = Ay,
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we get:

ZQZ Al‘i"AQ]i:l S<1)+7121 ()—Tlll

Y L Ye . Y
0]

L= |¢1+¢goli=t  S(1)+¢sli=t  S(1)—

4 6 5
i Zai Z%’ Zai
e S(l)],

4 5 6
Do Do PIL

lo=(T3)1) o1 —@ali=t  S(1)+psli=t  S(1) 4 @4l i=1 5(1)]-

We achieve the proof.
In what follows, we need both

B = {x c C(J, R),D%DQGQT c C(J, R),DagDa4Da5Da6$ c C(J’ R)},

and
[zllp = |z]lec + D Do + [|D*D* D D*x||o

where,
[#]|sc = sup [2(2)] , [ D D*x]|oe = sup [D** D*x(t)].
teJ teJ

D D¥ D Do, = sup | D D% DR D (1)

ted
Then, we consider the application U : B — B, such that

4 5
Do Do

Ur(t) = 1= Sf;(t)+(F§)1F3[wl—s&21i:1 Sy(1) +sli=t S5(1)

4 6
Do PL

¢1 + ol =t SE(1) + pal =1

4
Do

+pyl =1 S;(l)] ti=2 +T%

[i=1 S;;(1)] ti=3 4T

Yo 1Ya Ya
<1>]t

=4 4 el%ti=5 4+ 65t + ¢

23

S:(1)

Zaz

Al—f—AQIi:l S;( )—f-TIZ 1
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where

S:(t) = ma(t,x(t), D* DD Dx(t)) + ma(t, x(t), D* Dx(t)) + ma(t, z(t), [*x(t))
+my(t, z(t)).

3 Main results

We shall consider what follows:

(zwl) : We suppose that mj,my and ms are defined on [0,1] x R? and
continuous, and my is defined on [0, 1] x R and continuous.
(w2) : There exist some functions n;, z;,60;,7 = 1,2, such that for any t € J ,
i,y € Rie=1,2,

|m1(t7 xy, fljg) _ml(ta Y1, y2)| S an(t)‘ Ty — yl|7
[ma(t, w1, w2) —ma(t, g, go)|l < Y z(B)] @i~ wil,

= 1

ims(t, z1, x2) —ms(t, y1, y2)| < ZQ )z — yil,

(w3) : There exist a continuous function p, for any t € J , x,y € R,

[ma(t, x) —ma(t, y)| < pB)] = — yl.

We suppose:
n* = max{sup [y (1), sup o ()} 2" = max{sup 21(£)], sup | z2(0)[}
teJ teJ teJ teJ
0 = max{sup 02 (1), sup [02(B)]} " = sup |p(D)].
ted teJ teJ

3.1 Banach Contraction Principle for a Unique Solution

First, let us put

GG
o = F?T+T(F§1)_1Fg<|€02‘r%+|903|F?+|804’F(15> P6T<|¢2|F4+|¢3’F6+| : 2|F§)>

+F6T<|A2|F4+| ) |F6>
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GG
po = F%T"‘T(F%)_IF%Q%‘M*’|803|F?+|804’F?> F4T<’¢2|F4+‘¢3’F6+’ - 2|F?>

+F4T<|A2|F4+| ) |F‘13>
py = F?T+T(F§)‘1F%<|wz\ﬁ‘+|903|F?+|s04!F?>+T(|A2!F‘1‘+I ST+ | |F6>

T = <H*+n + 25+ (+1)—|—p)

where 9 # 0.
Now, we pass to establish the following result:

Theorem 3.1 Assume that (wy), (ws), (w3) are satisfied. Then, (1) has a
3

unique solution if Z w; €10, 1].

=1

Proof:
Let (z,y) € B?, we can write

1U(z) = U(y)
< 0% + n* + 2* + r(f‘;l) —l—p)”x—yHB

H( 0"+ 42+ ey T | (1) 7T (IwQIF‘% + los|17 + |s04|F?> Iz =yl s

X,

| 07+ 2 g e | TS [0afT + [0l + | 2\T?> Iz = ylls

+T3 (9* 1+ 2 e +p) At + (& 5103+ 1 |F6> lz = ylls
< (9* +0" + 2"+ +P> %+ (T3~ (|902|F11 + ls|TT + ’@4\F?)

GG

+TG | @[3 + [@s[T5 + [ — 2|F?> +P6<|A2|F4 + | =T + | = IP?>] |z = ylls

< wllz—yls
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4 4 5
ZO[Z‘ ZO{Z‘ Zai
D*D*Ux(t) = I=t Si(t)+ () 1F4lso1—9021i—1 S;(1) + @sl=t - Si(1)
6 4 4 6
ZO&‘ ZOCZ' Zai Zai
sl =1 S;E(l)]ti2 T3 o1+ ool =t SH(1) 4+ ¢sl=t S(1)
5 4 4
eNeX ZO‘ 2 \ 2o
- [i=1  §x(1)|ti=3 T4 AL+ Apli=1 §3(1)
5
ZO&Z' ZO&I
TRy F S(l)——]z LS 1) [t + e
D> DU (z) = D= D*U(y)lee < Tz —ylls

IN

IN

+T(T3)7'Ta{ |e2|T] + |3 |15 + |904|F‘f) |z —ylls

GG
+7T% WﬂW+W%H“+I1 ﬂﬁ>wv—mm
+057 IAszi‘H SIS+ | = !F6>Hx—yHB

T

I+ (I3)7'T3 <|<,02|F‘1l + |is|T5 + |904|F?>

GG
+F4(|¢2|F4+|¢3IF6+! - 2!F?>+Fi<|A2\F%

+|—IF5 W =19 |l =yl

pellr —yllB
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2

>

D@D DS DUx(t) = [i=1 St

1F2[
5 6
> >

+pal =t S(1) +pal =t SE(1)

4
Do

—@li=t 53(1)

t*2 + T3¢y

4 6 5
ZOéz‘ Zai GG Z%’
)

+pl =t SH(1) + ¢sl =t S3(1) — 1= S;“(l)]

HD%DMD%D%U(l’) - DQSDMD%D%U(@/) HOO

IA

LYz =yl + Y(T) 7' T2( le2lTT + [s|TT + [0al 1T | Iz — ylls

GG
+T <|¢2|F4 + |¢s|T5 + [ IF?> Iz —ylls

IN

T

I+ (I'3)7'T3 (’%‘F% + Js|T7 + |<P4‘F?>

GG
<|¢le4 + |l + | IF‘i’)] Iz —yls

< sz —ylls

Consequently, we observe that

1UG) =UW)lls < (pa+ p2+ pa)llz = ylls.

Hence, by Banach fixed point theorem, F' has a unique fixed point which is
the unique solution of (1).

3.2 An Ulam Hyers Stability Result

First, we introduce the following definition related to our problem.

Definition 3.2 The equation (1) has the Ulam Hyers stability if there exists
a real number p > 0, such that for each o > 0,t € [0,1] and for each x € B
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solution of the inequality

| Do1Do2 D D4 D D6 g (t) — my (t, (L), D D* D D x(t)) )
—ma(t, z(t), D> Dx(t)) — ms(t, z(t), I*z(t)) — ma(t, z(t))] < o,

under the following conditions:

z(0) =€, x(1) = Ao, €, Mo € R,
D x(0) = €, Desx(1) = Ay, €1, A\ € R,
D*D%z(0) = €3, D*»D%zx(l) =Xy, €, A2 €R,

there exists x* € B a solution of (1), such that
|z — 2" < po.

Definition 3.3 The equation (1) has the Ulam Hyers stability in the general-
ized sense if there exists p € C(RT,RT); p(0) = 0, such that for each o > 0,
and for any x € B solution of (3), there exists a solution x* € B of (1), such
that

|z —2*[l5 < p(o)-
Now, we propose the following theorem

Theorem 3.4 The conditions of Theorem (3.1) allow us to state that problem
(1) s Ulam Hyers stable.

Proof: Let x € B be a solution of (3), and let, by Theorem 3.1, z* € B
be the unique solution of (1).
By integration of (3), we obtain

4 5
PIL P

w(t) — =1 S*Uﬁ-—(Ié)_lfglwl—-¢2lil Sr(1) +sli=t SE(1)+

4 6
P PIL

¢1+ gal =1 Si(1) + ¢al =1 Sy(1)

S S

=2 _ pg

leNe, i i
- s;a)]ti—s —T§| A+ Ayl =t S;;<>+71“ 5(1)
6 6 6
(67 Q; Q;
Kl Z_: * Z_: 6 Z 61cv 6
— I SH() st —elfEs — g — e < of'f
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Using (3) and (4), we get
lz = 2%l < o + puallz — 27|cc-

Also, we have

1D D% (& = 2 s < oD+ ol D™D (3 — 7).

and
DD D% D (0 = ) o < o + | DD DD (2 = ).
So
|l — 2*||lp < o(T} +T7 +T7) + (1 + po + p3) [l — 2",
) oI} +T1 +17)
|z —2*|p < 5 :
-3
i=1
Thus,
lz—z*lg < po,
where

p:F?+F‘{+F§

3
1—- Zﬂz‘
i=1

Thus, (1) has the Ulam Hyers stability.

Remark 3.5 When p(g) = 0.p, we have the generalised Ulam Hyers stability
for (1).

Example 3.6 Consider the problem:

( 1 1 1 2 4 ]. t
DEDIDIDIDIDa(r) = L0
eVt

Tax(t) +sint +z(t), te[0,1],

DiDsDiDsx(t) +
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We have

.

mi(t, z(t), DiDsDiDsa(t)) = A +z()
(&

mo(t, 2(t), DiDEa(t)) = U —1::(%
ms(t,2(0), Tha(1) = 120 Tha(t),
( ma(t,2(t)) = sint +x(t).

These functions are continuous over [0,1]. Also, one can see that

1 1 1 2 3 4
A =—, Qg =—, Qg = —, Qy = —, « — g = —
1 27 2 37 3 47 4 37 5 47 6 157 X
=1 a=v2 62:\/57 0o=-¢€ A1=1, )\2257 525-
Also, for allt € [0,1], we can write
1+
maaz) = o) < 2 o =l P
then .
m(t) = 22 gy = 1Ll
eVt eVt
and
Mo 21,22) — (o)l < L2 g L8t
mo(., 1, xa) — ma(., Y1, < T — To — Yo,
2., L1, T2 20 Y1, Y2 1+\/g1y1 1+\/Z2y2
2] < 1.
Therefore,

_ |cost|
1+t

Using the same arguments as before, we get

21 (t) = 29 (t)

m T1,To) — M T, — + Ty —
{ 3\, L1, L2 30, U1, Y92) = 1 Int 1 U1 1 Int 2 Y21,
’l’1| < 17 ‘y2’ < 1

Hence,

:1—{—1nt'

In addition, we have

|m4(.,a:1) - m4(-73/1)| < ’xl - yll )
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where
p(t) = 1.

On other hand, we have

H1 = 07 10]—7 M2 = 07 0197 M3 = 07 0077

then

3
> ok =10,127€10,1[.
k

Hence, (5) has a unique solution on [0, 1].

Example 3.7 Consider the following second example:

( 11 11 11 12 1 1 t) 1 2 3 4
DEDHDEDEDEDNE (¢ :L(DDDD> t
1 1( )14 1 14 1 y( ) 7T+Sln7 4 5 4 5 y( )
y(t 3,4
+ +100 <D4Ds> ¢
<1 +2 ) (i)
. y(t)
+y(t)Zhy(t) + ,  te[0,1],
] Int+e (6)
z(0) = =, (1) = /e,
T
V2 1 1
1 14 ]. 13 14 2
D1t D1 y(0) = . DuDny(0) = ———,
\ y(0) —— y(0) 001 73
where
11 1 12 13 14
aq 12’ (0%} 137 3_14a 044—13, a5_147 a6_15a
and
1 V2 1 1 V2
= —, = —, = ,)\: 6’)\:—’)\:—’ :1
€0 - €1 5 €2 T+ 3 0=+ve, A 1+n5 2 100+ V3 §
We have

> pi=0,0071859 < 1.

Consequently, (6) has a unique solution on [0,1].
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Open Problem

1: Is it possible to examine the Ulam-Hyers stability for the above ( regular)
class of nonlinear fractional differential equations by introducing a singular
perturbed term?

2: What can happened when we compare the regular ( initial) problem solu-
tions with those of the perturbed one?
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