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Abstract

In this paper, we study the existence and uniqueness of the
initial and boundary value problem for a class of higher order
semilinear parabolic partial differential equations with variable
coefficient. Based on a priori estimates of solution we proved
the existence of the weak solution in the form of Fourier series
under suitable conditions. For this purpose, Picard’s succes-
sive approximation method was used. Furthermore, we proved
the uniqueness of the weak solution.
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1 Introduction

In this paper, we examine the existence of a solution to the following initial
and boundary value problem

ou 0%k
U DT = ), () €Q={0<a <7 0<t<T}. 1)
u(z,0) = 0,0<z<m?2 (2)

0%u(0,t) 0?u(m,t)
O - 922

=0,1=0,1,2,.,k—1, 0<t<T,3(3)
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where k > 1 are natural numbers, m > 0 and 7" > 0 is a real number, f(z,t,u)
is a given function defined in Q x (—o0,00), and u = u(z,t) is a solution to
the problem.

It is known that in the case of m = 0 and f(x,t,u) = F(x,t), the problem
with the non-homogeneous equation with homogeneous initial or boundary
conditions will turn into a problem with homogeneous equations and non-
homogeneous initial or boundary conditions, and also if the non-homogeneous
equation is given with non-homogeneous initial or boundary conditions, the
problem will turn into these two cases. The method of separation of variables
is widely used together with the principle of linear combination to solve these
problems. This method is also known as the Fourier series method or the
eigenfunction expansion method [1].

Baouendi and Grisvard showed that the boundary value problem for the

differential equation z2% 4 (—1)" g:;ff = F(x,t) has a unique solution [2].

at

Amanov and Ashyralyev showed the solvability of the initial and boundary

value problems and the boundary value problem for the differential equation

gi—éﬁ + % = F(z,t) [3]. They established the well-posedness of the problem
depends on the evenness and oddness of the number k.

Amanov showed that the initial and boundary value problem for the dif-

ferential equation ¢ gif;z + (=1 9u — F(z,t) has a unique solution [4].

In the references [5] and [6] it is showed that the initial and periodic bound-

. . . 2
ary value problem for the differential equations % — aQ% = f(z,t,u) and
ou 20%u Bu : : :
5 — 0°55 — €305 = f(7,t,u) have unique solutions, respectively.

Yuldasheva showed the unique solvability of the problem with boundary
conditions with respect to ¢t and periodic boundary conditions with respect to

x for the differential equation 2% — a? g:;}j = f(z,t,u) [7].

Since the case of m > 0 and f(z,t, ) is considered in our current equation,
it is clear that it generalizes some of the studies given above. After giving the
weak solution in the form of a Fourier series containing the eigenfunctions ob-
tained from the eigenvalue problem related to the current problem, the uniform
convergence of the series related to the solution generated by Picard successive
approximations is shown. In addition, the uniqueness of the weak solution is
proven.

Definition 1.1 A function v(x,t) € C*(Q) is called a test function if it
satisfies the boundary conditions in (3) and v(z,T) = 0.
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Definition 1.2 The function u(x,t) € C(S2) that satisfies the following inte-
gral equation for an arbitrary test function v(x,t) is called a weak solution of
the problem (1)-(3):

(TS YR P

T
0 0

Using the weak solution in the form of Fourier series, we obtain an infi-
nite number of nonlinear integral equations for the Fourier series coefficients
from problems (1)-(3). The space in which the Fourier series coefficients are
solutions is defined and the appropriate norm is given.

Definition 1.3 Let By denote the set of continuous functions which are Fourier
coefficients

{u(t)} = {uy,uz, ..., up, ...}

in the interval [0,T] that satisfy the condition

max |u,(t)| < oco.

0<t<T
n=1

Let the norm in By be defined as follows:

o0

[l = lorgtaélun(t)k
n—=

Clearly, Br 1s a Banach space.

2 Solution to the Problem

Let’s look for the weak solution of the problem (1)-(3) in the form
u(z,t) = Z un(t) sinnz, (5)
n=1

where u,(t), (n = 1,00) is the unknown function. To find it, the following
integral equation is obtained using equation (4):

un(t):%/t/ﬂe_

= (th_TmH)f (f, T, iun(T) sin nf) sinnédédr.  (6)
n=1
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Theorem 2.1 Under the following conditions, equation (6) admits a unique
solution z'n BT defined on time interval [0, Ty) such that
max Z fb &,7) [sinné| dé and TM, (1) < 1:

0<7<¢<T,,

1) f(x,t,u) is continuous with respect to all variables in Q x R,
2) |F(,tw) — F(a,t,0)] < b, ) lu — vl, b, ) > 0, b, 1) € C1(T),
3) f(z,t,0) € Ly(Q) and f(x,t,0) € C1(Q).

Lemma 2.2 Under the conditions of Theorem 1, equation (6) has at least one
solution in Brp.

Proof. If we apply the method of successive approximations, for equation
(6) where N =1, 00, we get the following sequence

N+1 //e (=Tt <§ T, Zu s1nn§> sinnédédr.
For simplicity, let’s assume the following notations:

ZU(N) ) sinné and {u )} = {ugN)(t) uéN)(t), o uM(1), }

Clearly we have

o0

e | A€ ] < 3 max i) = [FO s, ®)

Now we want to show that uN)(t) € By for all N, i.e. Z max |u\ (t)’ < 00.

S 0<t<T
According to the conditions in Theorem 1, it is clear that

Hﬂ(o)(t)H = oglta%}% ‘u (t)] =0 < occ.

For N =0 in (7), we have

ulD(t) = / / e (=) £ (6 Au® (€, 7)) sinngdédr.

From here
s

|u£3)(t)| < tmax z/j"(g,T,O)simngdg .

0<r<t |
0
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If the sum is taken according to n, we get

0<r<t
n—=1

i\uﬁ?(zﬁ)\ Stmax /f £, 7,0) sinnédg| = tM, (7).
n=1

M
Thus, [z (t)HBT = Zor?f?{T

For N =1 in (7), we have

( ()‘<TM1() 0.

(2) // tmﬂqmﬂ)f ({, 7, Au (&, 7')) sinnédédr.

By addition and subtraction

o<r<tTr

‘uf)(t)‘ < t{max— /|f £, T, Au (&, T)) —f(f,T,0)||sinn§|d§

—l—tmax—/\f ¢, 7,0)sinné| d¢

o<t

is obtained. If the sum is taken with respect to n and the Lipschitz condition
is applied, we get

e}

;\US)@)\ < tmaxglgo/’f(ﬁ,ﬂflu(l) (€.7)) = £ (&, 7,0)| |sinné] de

0<r<t

0<7<t

o 2 g
z i d
+¢max E:1W0/|f(§,7,0)smn§| §

o0

IA
~
5
ke

2/ (&, 7) |AuM (&, 7)| |sinng| d€ + tM; (7)
T

T n=1 0

< ¢ HBTmaXZ / (6, 7) [sinng] d€ + £ (+)

0<T<t

IA
~
?l

) 5, Mo (7 )+tM1( ).

Thus, [19(0)], = 3% o [o

()|, Mz () + TM, (7) < oc.

u? ()] < 7 [
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For N =2 in (7), we have

ul®( //e o (e m+1)f (5,7’, Au® (5,7’)) sinnéd&dr

By addition and subtraction

0] <t / (€7 A0 (€,7)) = £ (€7.0) snng]de

o<r<tTr

—l—tmax—/\f ¢, 7,0)sinng| d€.

o<r<tTr

is obtained. If the sum is taken with respect to n and the Lipschitz condition
is applied, we get

o0

;WW < tmaxi% 0/ £ (&7 Au® (€,7)) = £ (& 7,0)| [sinng| dg

0<r<t
n=

0<r<t

o 2 m
+tmax » — [ |f (& 7,0)sinng|dE

™
o0

< tmax 3/5(5,7)}Au<2> (&, )| [sinng| dé + ¢M; ()
OSTStnzlﬂ' J
o =9 [ .
< t]a® )|, max ;/b(&f)lsmnﬂdHtMl(T)
- T n=1 0
< @@ @), Ma (r) + M (7).

Thus, |[z'®(t) HBT Z max

10<t<T

un( ‘<THU ||B o (T) +TM; (1) < 0.
Let’s show its truth for each N by induction:

For N = k—11in (7), Hﬂ(k)(t)”BT = Z max

10<t<T

uP (1) ‘<THuk 1) ||BTM2(7')—|—

T M, (1) < oo be correct.
For N =k in (7), we have

t m
2 n2k m—+1 m+1
uglk+1)(t) _ —//e_mﬂ(t +1_pm+ )f (f’T, Au® (577')) sin nédédr.
s
0 0
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By addition and subtraction

Wl D@)] < tmax = / £ (€7, A (€,7)) — £ (&,7,0)]| |sinng] e

—l—tmax—/]f &, 7,0)sinn| d§

o<ttt

is obtained. If the sum is taken with respect to n and the Lipschitz condition
is applied, we get

0<r<t

;‘u;’““)(t)’ < tmalego/}f (S,T,Au(k) (& 7)) —f(é‘,T,O)! |sin n| d
3] 9 A .
—i—tmalego/|f(§,7',0)smn§|d§

0<r<t
n—=

T) ‘Au(k’) (&, 7')‘ |sin né&| d€ + tM; (1)

[\

°§
I 3
SRR
—

™
o

max % / b (&, [sinné| dE + £M, (7)

IA
~
=N

ol
Br o<r<t
n=1 0

< @), Ma (r) + M (7).

Thus, [7 (0], = 3- ma

10<t<T

a0 < T[T 5, Mo (1) +TM () <

Br
oo. Then ©™M(t) € BT.

Now, let us show that the sequence{ﬂ(N ) (t)} is uniformly convergent in By
as N — oo. For this, it is sufficient to show that the series

+ Z (N+1) (N) (t))
N=0

is uniformly convergent. First, we want to obtain estimates for the differences
[N () — uV(¢)|. Tt is clear that

o

|| = max ’u( (¢
Br 0<t<T
n=1

< TM (1) =Ap < 0.

o) - 0] = g o0
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/ 1 (€7 Aut) (6,7)) — [ (€,7,0)| [sinné| dédr

0

VAN
SHES
o

IN

t max — /|f &7, Aut (5 7')) —f(f,T,O)} |sin n&| d§

o<r<tTr

is obtained. If the sum is taken with respect to n and the Lipschitz condition
is applied, we get

ZW uM(t) < tmaxi;/|f(g,T,Au<l> (& 7)) = f(&7,0)] [sinng| dg
LG

0<7<t
n=

tmang/b(fj) ‘Au(l) (5,7)’ |sin n&| d§

<

0TSt~
< t||ﬂ ”BT({QEéZ / (&, 7) |sinng| d€
< tApM; (7).

Thus, |[7® () — a®(1)]|, = 3 max

T 0<i<T

ud (1) — u(l)(t)’ < TArMs (7).

_7(t'm+l m+1)

VAN
BN
—

/U@mm@@ﬂ%f@ﬂmm@mwmw%m

0 0

IA

tmax — /|f &, T, Au()(f 7')) —f(é,T,Au(l) (5,7’))| |sin n&| d¢

0<7<tTr

is obtained. If the sum is taken with respect to n and the Lipschitz condition
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is applied, we get

o0

D[P —uP ()]

< tmaxd2 / |f (€7, Au® (&,7)) = f (6,7, AulV (€, 7)) | Isinn| dé
- T n=1 0
o0 2 n
< torgg%ct;; / b(&7) [Au® (&) — Au (&, 7) | [sinng] d¢
- 0
[o.¢] 2 n
< torgggt;; / b(&,7)|[@?(t) —a V)|, [sinng| dé
- 0
< tTApM; (1) Iax %/b(f,T) |sin n&| d§
- T n=1 0
S tTATMQ (7’) M2 (T) .
Thus, |[a®(t) —a® )|, = S max [0 (8) — w2 ()] < T2Ar M2 (7).

Br ~Ho<i<T

tm+1 m+1)

INA
5|
o\

/ £ (&, Au® (&,7)) — f (&7, Au® (&, 7)) sinné| dédr

0

< tmax—/lf (&7, Au® (&,7)) — f (&7, Au® (&, 7)) ] [sin né| d€

o<r<tT

is obtained. If the sum is taken with respect to n and the Lipschitz condition
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is applied, we get

D [ut () —u (@)

tmaxz:l%/‘f({,T,Au(?’)(f,T)) f(f,TAu (&, ))Hsmnﬂdf
= 0

IN

0<r<t

IA

0<r<t
n=

tmaxZ}%/b(&m) |Au(3) (&,7) — Aul?® (& 7)| Isin ng| d€
0

IA

torg?gt;%/b(fm) Hﬂ(i’))(t) —g(2)(t)HBT Isin né| de
=10

™
e}

2
2 2 4 .
< tT=Ap M5 (1) max 7 /b(f,T) |sin n&| d§
n= 0
< tT?ApMZ (1) My (7).
Thus, [[a®(t) —a® ()|, = z max ]u,f (1) ug’)(t)‘ < T3 Ar M3 ().

10<t<T

Let’s show its truth for each N by induction:

For N =k — 1, [[a®(t) —a®V(t

T Ap My~ (1) be correct.
For N =k,

Ol 5
T STI0<t<T

[ul (1) = u (2)]
t

2/
S_
™

0

n2k

(tm+1 m+1
6 m+1

) /yf(g,r, A (&,7)) = f (&7, A (€, 7)) ] |sin né| dédr

< tmax—/lf &1, AuM (&,7)) = £ (&7, AuPV (¢ 7)) | |sinng| dE

o<r<t7r

is obtained. If the sum is taken with respect to n and the Lipschitz condition
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is applied, we get

S [0 8) — uld ()
n=1

< tgnaxig / [£ (&7, Au® (&,7)) = f (&7, Aul™0 (€, 7)) | [simmg] d
n= 0

< tomaxfj% / b(&7) [Au® (€, 7) — Au"D (€, 7)| [sinng]| dé
n= 0

< tOmaXi% / b(&,7) [[@® () —a V()| [sinng| de
n= 0

< AT Ap M (7 )gggt:li ] b(& 7) [sinng| dg

< AT AP MY (1) My (7). :

kD (1) — k)
Thus, |[a*(t) —u® (t)HBT ZorgtagiT

a0 (1) = uP(0)] < THARMS (7).

From here it is obvious that

N (0.)
E(NH)( —(0) + Z k+1 7 (t)) < ZT’“ATM§ (7') .
k=0 k=0

Under the condition T'Ms (1) < 1, the uniform convergence of the sequence

{a™(t)} in By is obtained from the convergence of the series > T*ApMJ (7).
k=0

M8

As a result, the series 7 (t) + (@™ (t) —a™M(t)) is uniformly conver-

2
Il

0
gent.

Let A}lm aV ) (t) = wu(t). Since the sequence {u™(¢)} is uniformly con-
—00

vergent, the function u(t) is continuous in By. Let us show that the function
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u(t) satisfies the integral equation (6):

n=1
< 32 [l s ) [ |16 mdute ) = (67 A (67 sinng] dsr
n=l 79 0
< Sotmas? [ 176 mAule ) - 1 (67 Au (€,0)] sinng]de
n 0
< tmax 2 b(&,7) |Au (€,7) — Au™) (€, 7)| |sinné| de
0<r<t s
- on=1 0
o0 2 n
< s> v ate) = a ), sinnde
"=t
< My (7) [[u(t) = a™M ()],

is obtained. If we show that lim |[u(t) — u®) (t)HB = 0, it follows that the
N—oo T

function u(t) satisfies the integral equation (6).

[u(t) — a0 = 3 fua(t) — w0 0)
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< Z / e~ (77 =) / |f (&7 Au (&) — f (&7 Au™ (€,7)) | [sinng]| dédr
0
< _lt(}gggm / £ (&7, Au (€, 7)) = £ (&7, Au™) (&, 7)) | sin n] dg
< > / £ (€7 Au(e,7) — (€7 Au™* (6,7))] fsinng]| dg
S Z (N+1) _ (N) -
DI / £ (67, A (€7)) — £ (6,7, Au™ (€, 7)) | Jsin ne] e
< tmax z/ ) |Au (&, 7) — AuVTY (&, 7)| [sinng| d€
0<T<tn*1ﬂ_ /
[e'e) 9 n ‘
+ max = / b (&) [AuNTY (€, 7) — Au™) (€, 7) | [sinng] dg
"=t
< tmax N 2 [ b(&,7) ||[a(t aN (¢ H |sin n&| d¢
—o0<r<t Br
= 0
o) 9 n .
—i—torggé 1;/6 7) [ () — U(N)(t)HBT |sin n&| dé¢
"=t
< My (1) [|a(t) = a™NTI()| 5, A+ Mo (1) [[@NH () = a1,
is obtained. From here we get
HE(t)—E(NH) HBT < TMQ(T)Hﬂ(t)_ﬂ(NH)(t)”BT
+T M, (T HE(N“)(t)—ﬂ(N) [
< TMy () [a(t) =7V @),

+TN“M2N“ (1) Ar.

T

If the condition T'M, (1) < 1is also taken into account, ]\}im |a(t) —a™(t) HB =
—00
0. Thus, it is shown that the function w(t) satisfies the integral equation (6).

Lemma 2.3 Under the conditions of Theorem 1, equation (6) has at most
one solution in Brp.
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Proof. To show the uniqueness of the solution, let us assume that o(t) is
another solution. We want to obtain an estimate for |u(t) — v(¢)|:

= > fualt) — )

n=1

> 2 / n2k m+1 m+1 r

z —mgr (et A — A i déd

< ZW/ O/!f(é“m u(€7)) — f (€7, Av (€,7))| [sinne] dedr

o0 2 7'(' '
< >t [1F (6 Au(er) — £ (6.7 A (€.7) sinne] de

— STSMTO

IN

0<r<t

tmaXZ;% /b(g,r) Au (€, 7) — Av (€, 7)| [sinn€] de
n= 0

0<r<t

oo 9 m '
< tmaxy 2 [ 6 [0(0) - o(6)], sinng] dg
n=1 0
< My (7) [a(t) = o(t) ||,
is obtained. From here we get
[a®) = o)l g, <TM, (1) [[u(t) = v(t)] 5, -
If the condition T'M (1) < 1 is also taken into account, [[u(t) —v(t)|/z, = 0.
Thus, u(t) = (t) and u,(t) = va(t), (n = 1,00). In other words, it was shown

that the solution of the integral equation (6) is unique.

Proof of Theorem 1. From Lemma 1 and Lemma 2, equation (6) has a
unique solution. Thus, the theorem is proved.

Theorem 2.4 Under the conditions of Theorem 1, the problem (1)-(3) has a
unique weak solution represented by the uniformly convergent series of (5).

Proof. The series (5) constructed using the solution of equation (6) is
continuous since it is uniformly convergent. Let the sequence of partial sums
of the series (5) be defined as follows:

!
upy (e, t) = Z up,(t) sinne.
n=1



Existence of solutions to parabolic... 45

From Teorem 1 and limugy(z,t) = u(x,t), limf (x,t,u(l)(x,t)) = f(z,t,u(x,t)).

l—00
Let

T =«
ov 9%y
S, = // Ka — (—1)’“75”"”895%) ug) + f (:E t,ug ) } dxdt
0 0

be defined. We want to show that llim S; = 0. By using partial integration
—00

repeatedly,
T = a l

S, = // [—a (Z} Uy, () sin nx) (Z U (t )*n?* sin n:z:)
0 0 n=

+f (x,t (T )} vdxdt

T ok !
— // [—% Zun(t)sinnx) —(—1)ktmaax2k (Zun(t)sinms>

n=1 =1

T
a . m/aZk
— _au(l) —(=1)* 8:(:2ku(l )+ f (:c t,ug ) vdzdt
0 0

is obtained. From here we get

. . a?k
llirgoSl // <—u—|— —1)*t FreTi f(m,t,u)) vdxdt.

From equation (1), we have
hHlSZZZO.

Thus, the function u(z,t) = >~ | u,(t) sinnz is a weak solution of the problem

(1)-(3). The theorem is proved.

3 Open Problem

We examined the existence and uniqueness of the initial and boundary value
problem (1)-(3). The open problem here is that are there global solutions to

(1)?
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