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Abstract

We have proven unique results concerning the partial shar-
ing values between the functions Fa,b and the linear c−difference
operator Ln(f,∆c). Specifically, we have Fa,b = af + b, where

a(6= 0), b ∈ C, and Ln(f,∆c) = Lnc (f)−
(

n∑
i=0

ai

)
f(z), where ai’s are

constants and c is a non-zero constant. As a consequence of
this, we have shown that Fa,b is identical to its linear c−difference
operator Ln(f,∆c).
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1 Background Information & Main Result

Throughout this paper, unless explicitly stated otherwise, the term ’meromor-
phic’ is used exclusively to refer to non-constant functions that are analytic
(holomorphic) over the entire complex plane, with the exception of isolated
poles. A meromorphic function a(z) is considered to be a small function rel-
ative to another meromorphic function f(z) if the Nevanlinna characteristic
T (r, a) satisfies the relation T (r, a) = S(r, f) as r approaches infinity, where
S(r, f) represents a term of smaller magnitude than T (r, f). This small func-
tion condition holds unconditionally if f(z) has finite order. However, if f(z)
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does not have finite order, then the condition T (r, a) = S(r, f) may not hold
for certain values of r lying within a set of finite linear measure.

Definition 1.1 Let f(z) and g(z) be two meromorphic functions defined
in the complex plane C. We say that f(z) and g(z) share the complex value
a counting multiplicities (CM) if the functions f(z) − a and g(z) − a have
precisely the same zeros, with each zero having the same multiplicity for both
functions.

Definition 1.2 Consider two non-constant meromorphic functions, f(z)
and g(z), defined in the complex plane, and let a be a complex number or the
point at infinity. Denote by E(a, f) the set of all zeros of the function f(z)−a,
where each zero is counted according to its multiplicity. That is, if a zero has
multiplicity m, it is counted m times in the set E(a, f).
We say that f(z) and g(z) partially share the value a counting multiplicities
(CM) if the set E(a, f) is a subset of the set E(a, g). In other words, every
zero of f(z)− a, with its corresponding multiplicity, is also a zero of g(z)− a
with the same multiplicity.
It is important to note that the condition E(a, f) = E(a, g) represents the
case where f(z) and g(z) share the value a counting multiplicities (CM) in the
traditional sense. Therefore, the concept of partially sharing a value CM is
a more general condition that encompasses the traditional notion of sharing a
value CM.

To begin, let us introduce the shift and difference operators as follows: For
a meromorphic function f , we denote its shift by Icf(z) = f(z + c) and the
corresponding difference operator by ∆cf(z) = (Ic− 1)f(z) = f(z+ c)− f(z).
Furthermore, we recursively define ∆s

c = ∆s−1
c = (∆s

c), ∀s ∈ N − {1}. To
extend these definitions, we introduce the linear shift operator as:

Lnc (f) = anf(z + nc) + an− 1f(z + (n− 1)c) + · · ·+ a0f(z)

where an 6= 0, an−1, . . . , a0 ∈ C, and c ∈ C∗. Next, we define the linear c-
difference operator as:

Ln(f,∆c) = an∆ncf(z) + an−1∆(n−1)cf(z) + · · ·+ a1∆cf(z) + a0∆0f(z)

= Lnc (f)−

(
n∑
i=0

ai

)
f(z). (1)

For the specific choice of constants ai = (−1)n−i
(
n
i

)
, where 0 ≤ i ≤ n, in the

expression Ln(f,∆c), it is evident that Ln(f,∆c) = ∆n
c f .

Lastly, we define Fa,b by the expression:

Fa,b = af + b, where a(6= 0), b ∈ C. (2)
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In recent years, many researchers (e.g., [7, 5]) focused on studying the value dis-
tribution of analogues associated with meromorphic functions. Consequently,
this has motivated numerous researchers to investigate the uniqueness prob-
lem concerning meromorphic functions that share values or sets with their
corresponding shift or difference operators.

In 2013, Chen and Yi investigated a meromorphic function that shares
three distinct values alongside its first-order difference operator, leading to the
following outcomes.

Theorem 1.3 [2] Let f(z) be a transcendental meromorphic function such
that its order of growth ρ(f) is not an integer or infinite, and let η ∈ C be a
constant such that f(z + η) 6≡ f(z). If ∆f = f(z + η) − f(z) and f(z) share
three distinct values a, b, ∞ CM, then f(z + η) ≡ 2f(z).

In 2016, Lü demonstrated that the aforementioned Theorem 1.3 remains valid
for meromorphic functions of finite order. This signifies

Theorem 1.4 [4] Let f(z) be a transcendental meromorphic function of
finite order, let ∆f = f(z + c)− f(z)(6≡ 0), where c 6= 0 is a finite number. If
∆f and f(z) share three distinct values e1, e2, ∞ CM, then ∆f ≡ f .

In this paper, we extend the aforementioned theorems to linear difference poly-
nomials and establish the following results.

Theorem 1.5 Let f(z) be a transcendental meromorphic function of fi-
nite order and Fa,b and Ln(f,∆c) be defined as in (2) and (1) respectively. If
Ln(f,∆c) and Fa,b share the value 1CM and satisify E(0, Fa,b) ⊂ E(0,Ln(f,∆c))
and E(∞, Fa,b) ⊃ E(∞,Ln(f,∆c)) then Fa,b ≡ Ln(f,∆c).

2 Supporting Results

To prove our main results, we require the following Lemmas.

Lemma 2.1 [3] Let g(z) be a meromorphic function of finite order ρ, and
let c ∈ C be fixed . Then for each ε > 0, we have

m

(
r,
g(z + c)

g(z)

)
+m

(
r,

g(z)

g(z + c)

)
= O(rρ−1+ε).

Lemma 2.2 [6] If R(f) is rational in f and has small meromorphic coef-
ficients then

T (r,R(f)) = degf (R)T (r, f) + S(r, f).

Lemma 2.3 Let f(z) be a meromorphic function of finite order and Ln(f,∆c),
Fa,b are defined as in (1) and (2). Then we have
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i) m
(
r, Ln(f,∆c)

Fa,b

)
= S(r, f),

ii) m
(
r, Ln(f,∆c)

Fa.b−d

)
= S(r, f), for any complex constant d.

Proof:

i) Using Lemma 2.1, we deduce that

m

(
r,
Ln(f,∆c)

f

)

= m

r, bn(z)f(z + nc) + bn−1(z)f(z + (n− 1)c) + · · · a0(z)f(z)−
n∑
i=0

bif(z)

Fa,b


≤ S(r, f)

ii) By the above result, we have

m

(
r,
Ln(f − d, ∆c)

Fa,b − d

)
= S(r, f).

Since
n∑
i=0

bi = 0, we get Ln(d,∆c) = 0. Hence

Ln(f − d, ∆c) = Ln(f,∆c)− Ln(d, ∆c) = Ln(f,∆c).

By combining the above two equations, we obtain

m

(
r,
Ln(f,∆c)

Fa,b − d

)
= m

(
r,
Ln(f − d, ∆c)

Fa,b − d

)
= S(r, f).

Lemma 2.4 Let c ∈ C and Ln(f,∆c), Fa,b be given by (1) and (2) such

that
n∑
i=0

bi = 0. Let q ≥ 2 and let e1(z), e2(z) · · · , eq(z) be distinct meromorphic

functions with period C such that ek ∈ S(f) for all k = 1, 2, · · · , q. Then

m (r, Fa,b) +

q∑
k=1

m

(
r,

1

Fa,b − ek

)
≤ 2T (r, Fa,b)−N∗(r, Fa,b) + S(r, Fa,b),

where N∗(r, Fa,b) = 2N(r, Fa,b) +N
(
r, 1
Ln(f,∆c)

)
−N (r,Ln(f,∆c)).
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Proof: By denoting Φ (Fa,b) =
q∏

k=1

(Fa,b − ek), we have

1

Φ (Fa,b)
=

q∑
k=1

gk
Fa,b − ek

, (3)

where gk ∈ S(f), such that

q∑
k=1

gk
∏

j∈∧\{k}

(Fa,b − ek) = 1, ∧ = {1, 2, · · · , q}

Since Ln(Fa,b,∆c) = aLn(f,∆c), in view of Lemma 2.1, a simple computation
shows that

m

(
r,

1

Φ (Fa,b)

)
≤

q∑
k=1

m

(
r,

gk
Fa,b − ek

)
+ S(r, f)

≤
q∑

k=1

m

(
r,

1

Fa,b − ek

)
+ S(r, f).

Hence, by (ii) of Lemma 2.3, we obtain

m

(
r,
Ln(f,∆c)

Φ (Fa,b)

)
≤

q∑
k=1

m

(
r,
Ln(f,∆c)

Fa,b − ek

)
+ S(r, Fa,b)

≤
q∑

k=1

m

(
r,
Ln(f,∆c)

a(Fa,b − ek)

)
+ S(r, Fa,b)

≤ S (r, Fa,b) . (4)

Therefore, it is easy to see that

m

(
r,

1

Φ (Fa,b)

)
= m

(
r,
Ln(f,∆c)

Φ (Fa,b)

1

Ln(f,∆c)

)
≤ m

(
r,
Ln(f,∆c)

Φ (Fa,b)

)
+m

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≤ m

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b). (5)

By the first main theorem, using (5) and (3) in view of Lemma 2.2 an easy
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computation shows that

T (r,Ln(f,∆c)) = m

(
r,

1

Ln(f,∆c)

)
+N

(
r,

1

Ln(f,∆c)

)
+O(1)

≥ m

(
r,

1

Φ (Fa,b)

)
+N

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≥ T

(
r,

1

Φ (Fa,b)

)
−N

(
r,

1

Φ (Fa,b)

)
+N

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≥ qT (r, f)−
q∑

k=1

N

(
r,

1

Fa,b − ek

)
+N

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≥
q∑

k=1

m

(
r,

1

Fa,b − ek

)
+N

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

i.e.,

q∑
k=1

m

(
r,

1

Fa,b − ek

)
≤ T (r,Ln(f,∆c))−N

(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b).

Therefore, we obtain

m (r, Fa,b) +

q∑
k=1

m

(
r,

1

Fa,b − ek

)
≤ T (r, Fa,b)−N (r, Fa,b) +m(r,Ln(f,∆c))

+N(r,Ln(f,∆c))−N
(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≤ 2T (r, Fa,b)− 2N(r, Fa,b) +N(r,Ln(f,∆c))

−N
(
r,

1

Ln(f,∆c)

)
+ S(r, Fa,b)

≤ 2T (r, Fa,b)−N∗ (r, Fa,b) + S(r, Fa,b).

This completes the lemma.

Lemma 2.5 [3] Let f be a transcendental meromorphic function of finite
order, c ∈ C \ {0} be fixed. Then

T (r, f(z + c)) = T (r, f) + S(r, f).
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3 Proof of the Main Theorem

Proof: By the assumption E(0, Fa,b) ⊂ E(0,Ln(f,∆c)), we have

N

(
r,

1

Fa,b

)
≤ N

(
r,

1

Ln(f,∆c)

)
. (6)

Inequality (6) together with i) of Lemma 2.3, we obtain

T (r, Fa,b) = T

(
r,

1

Fa,b

)
+O(1)

≤ m

(
r,
Ln(f,∆c)

Fa,b

)
+m

(
r,

1

Ln(f,∆c)

)
+N

(
r,

1

Fa,b

)
+O(1)

≤ m

(
r,

1

Ln(f,∆c)

)
+N

(
r,

1

Fa,b

)
+O(1)

≤ T (r,Ln(f,∆c)) + S(r, Fa,b). (7)

On the other hand by Lemma 2.5

T (r,Ln(f,∆c)) ≤ (k + 1)T (r, f) + S(r, f). (8)

We observe that T (r, Fa,b) = T (r, af + b) = T (r, f) +O(1).
Hence S(r, Fa,b) = S(r, f).
We set

Ln(f,∆c)

Fa,b
= h. (9)

The inclusions E(0, Fa,b) ⊂ E(0,Ln(f,∆c)) and E(∞, Fa,b) ⊃ E(∞,Ln(f,∆c))
suggest that h is an entire function. Therefore, according to Lemma 2.3, we
obtain

T (r, h) = m(r, h) +N(r, h) = m(r, h) = m

(
r,
Ln(f,∆c)

Fa,b

)
= S(r, f). (10)

Next, we consider the following cases for h.
Case 1. If h is not constant.
Since Lnc and Fa,b share 1CM, we obtain from (9) and (10) that

N

(
r,

1

Fa,b − 1

)
≤ N

(
r,

1

h− 1

)
. (11)

By the assumptions E(0, Fa,b) ⊂ E(0,Ln(f,∆c)) and E(∞, Fa,b) ⊃ E(∞,Ln(f,∆c)),
we notice that

N (r,Ln(f,∆c))−N(r, Fa,b) ≤ 0, N

(
r,

1

f

)
−N

(
r,

1

Ln(f,∆c)

)
≤ 0 (12)
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By applying Lemma 2.4, combining with (11) and (12), we have

T (r, Fa,b) = N

(
r,

1

Fa,b − 1

)
+N (r,Ln(f,∆c))−N(r, Fa,b) +N

(
r,

1

Fa,b

)
−N

(
r,

1

Ln(f,∆c)

)
+ S(r, f)

≤ N

(
r,

1

Fa,b − 1

)
+ S(r, f) ≤ S(r, f),

which is a contradiction.
Case 2. If h is constant.
Subcase 1. Assume h 6= 1. In this scenario, 1 becomes a Picard exceptional
value for Fa,b based on the assumption that Fa,b and Ln(f, ∆c) share 1 CM.

Consequently, N
(
r, 1

Fa,b−1

)
= O(1). Following the same argument as in case

1, we encounter a contradiction.
Subcase 2. If h = 1, then the condition holds, that is Ln(f,∆c) ≡ Fa,b.

OPEN PROBLEM.Can the result obtained in this paper be generalized by
replacing Fa, b with Pn(f) = anf

n + · · ·+ a1f + a0?
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