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Abstract

The purpose of the present paper is to study the Ricct bounds
of perfect fluid spacetime equipped with torse-forming vector
field. We have analysed some basic geometrical properties re-
lated to the spacetime. We have calculated the Ricci operator
and shown non-existence of the matter. Finally the charac-
terizations have been made with gradient p-FEinstein, gradient
m-quast Einstein and gradient (m,p)-quasi FEinstein solitons
on a perfect fluid spacetime.

Keywords: Perfect fluid spacetimes, gradient Ricci solitons, m-quasi Fin-

stein solitons, (m,p)-quasi Finstein solitons.
2010 Mathematics Subject Classification: 53C15; 53C25.

1 Introduction

In general relativity, the spacetime and cosmology can be modeled as a n-
dimensional Lorentzian manifold whose Lorentzian metric is with the signature
(-,+,+,...,+). K. L. Duggal[6] showed that a connected smooth manifold (M,g)
of dimension >2 with a Lorentzian metric g of signature (-,+,4+,....,+) which
has a global timelike vector field is referred as a spacetime. A fluid with no
heat conduction and no viscosity or looks isotropic is said to be perfect fluid.
A Lorentzian manifold M is named as a perfect fluid spacetime(PFS) if the
Ricci tensor S of M satisfies

S=ag+bA® A, (1)
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in which a, b are scalar fields, A is a 1-form defined as A(X) = g(X, &) for all
X, where ¢ is a finite timelike vector field [5]. The physical and geometrical
representation of PFS on Ricci solitons were extensively studied in the last
decade by several authors such as De [4], De[5] and many more.

Hamilton|7] introduced the notion of Ricci flow which describes certain partial
differential equation for a Riemannian metric 2 ¢(t) = —2S5(t),t > 0,¢(0) = g,
where ¢ is the Riemannian metric and S denotes (0,2)-symmetric Ricci tensor.
Diligently, Ricci soliton on Riemannian manifold was broadly studied by sev-
eral authors such as Sharma[9], Bejan and Crasmarenu[2]. A Ricci soliton on
a Riemannian manifold (M, g) is a triple (g, V, A\) which satisfies the condition

Lyg+25+2\g =0, (2)

where, S is the Ricci tensor, Ly denote the lie-derivative along the vector
field V on M and A is a cosmological constant. The Ricci soliton is said to be
shrinking, steady and expanding accordingly as A\ is negative, zero and positive
respectively.

If the soliton vector V is the gradient of smooth function — f, thatis, V = —D/f,
then equation(2) is of the form,

Hessf —S —X\g=0, (3)

where Hess is the Hessian and D is the gradient operator. The metric is named
as a gradient Ricci Soliton if it obeys equation (3). The smooth function — f
is called the potential function of the gradient Ricci Soliton.

The concept of gradient p-Einstein soliton is introduced and studied by Catino
and Mazzieri [3], which is a special case of the Ricci Soliton. The metric ‘g’ on
a Riemannian manifold M is a gradient p- Einstein soliton if there is a smooth
function f such that the metric g satisfies the equation

S+ Hessf = (pr+ \)g = Pg (4)

for some constant A\ € R, where r is the scalar curvature. In recent years
there has been made an extensive study of Riemannian manifolds endowed
with gradient p-Einstein soliton.

A (m,p)-quasi Einstein soliton is also a generalization of Ricci soliton which
was studied by Shin[10]. If the potential vector field V is the gradient of a
smooth function f € C*(M) then the (m,p)-quasi Einstein manifold is called
as a gradient (m, p)-quasi Einstein manifold. So we have ,

Hessf+5=%df®df+(/\+pr)g. (5)

A (pseudo)- Riemannian manifold M furnished with the semi-Riemannian met-
ric '¢g’ is named a gradient m-quasi Einstein metric [1] if, for a constant n and
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a smooth function f: M — R, we have

1
S+ Hessf = Edf@der g, (6)

in which 0 < m < oo is an integer and ® denotes tensor product.

In this setting, f indicates the m-quasi Einstein potential function. In this
case, the Bakry-Emery Ricci tensor [11] S+ Hessf = %df ®df is proportional
to the metric g and 7 is a constant.

If m = oo, (6) represents a gradient Ricci Soliton. If m = oo and 7 is a smooth
function, then the metric represents almost gradient Ricci Soliton on Einstein
product manifold with non-empty base.

The organisation of the paper is as follows: in section 2 perfect fluid spacetime
with torse-forming vector field is studied. In section 3, the study was made
with Ricci Soliton on a perfect fluid spacetime, calculated the Ricci operator
and shown the non-existence of matter and sign of the pressure. Section 4
is devoted to the study of gradient solitons by showing the function ’f’ is
invariant under the velocity vector field ¢ and characterizations are made by
considering gradient p-Einstein, gradient m-quasi Einstein and gradient (m, p)-
quasi Einstein solitons on a perfect fluid spacetime.

2 Preliminaries

In a perfect fluid spacetime, ¢ is the unit timelike vector field also called as
the velocity vector field of the fluid which satisfies,

g(U, &) = A(U),9(£,§) = A(§) = —1, (7)

where U belongs to x(M), x(M) denotes the collection of all C* vector fields
of M and A is a non-zero 1-form.

Applying covariant derivative on (7), we get g(Vy&, &) = 0,(VyA)(€) = 0,
where V is the levi-civita connection.

The Einstein’s field equation is of the form as,

r
S — 59 = KT? (8)
2
where T is the energy momentum tensor and x is the gravitational constant.
The energy mementum tensor in a PFS is in the following form

T=(c+pA®A+pg (9)

where ‘0’ and 'p’ denote the energy density and isotropic pressure of a perfect
fluid spacetime respectively.
Contracting (1) we get,

r =na — b. (10)
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Now, from equations (1),(8) and (9) we get,

k(p—o)

b=k d a= .
(p+o0) and a 5

(11)
On substitution of the values for ’a’ and 'b’ in equation (10) we get,

k(p—o)
2—n

r=(

Definition 2.1 A wvector field £ is called torse-forming if it satisfies

n—k(p+ o). (12)

V& =U+ AU, (13)
for any X € x(M) and A is a 1-form.
The use of (1) and (7) results in S(U,§) = (a — b)A(U), where, a — b is an

eigenvalue of S.

3 Perfect Fluid Spacetime

In this section we prove some basic results and find the bounds of Ricci tensor
in a perfect fluid spacetime.

Theorem 3.1 Let M(g,&,n,V) be a perfect fluid spacetime with g has a Ricci
Soliton. If V is a torse-forming vector field then M represents an n-Einstein
manifold with constant scalar curvature.

Proof 3.1 Replacing V by € in (2), and using (13), we obtain
SWU V) ==(A+1)g(U,V) = AU)A(V). (14)

Taking orthonormal basis {e;} : 1 <i <n—1 and summing over 1 <i<n-—1
in (14), we obtain
r=1—A+1)(n—1). (15)

By making use of equation (12) in (15), we obtain

Kp+o) —n(f=2 +1) 42
(n—1)

A= (16)

Thus from equations (14) and (15) the result follows.

Proposition 3.2 In a perfect fluid spacetime with torse-forming vector field
2 2 2

€, the square of length of the Ricci operator is |Q|? = & ((217__7:-))271 + k(éﬂ‘)’) [o(4—

n) — np).
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Proof 3.2 Taking X=0QX in (1), we get
S(QX,Y)=aS(X,Y)+bS(X,§AY). (17)

On contraction of the above equation over X and Y, we get

S*(X, X) = QI = ar + bS(€,€). (18)
From (1), we have
S8 =b—a=kp+a) - L7, (19)
In view of equation (19), (18) becomes,
_k(p—o)r  K(p+o)
By virtue of equation(10), the above equation reduces to
200 2 2
jQip = M= ERED oy )y, (21)

(2 —n)? (2—n)

Theorem 3.3 If in a perfect fluid spacetime without cosmological constant,

square of the length of the Ricci operator is %7"2, then the spacetime does not

contain pure matter and the pressure of the fluid is negative.

Proof 3.3 Let us assume that, the length of the Ricci operator to be %7"2, where
'r’is the scalar curvature of the spacetime. Then equation (21) becomes,
1, K(p-oPn Kk@p+o)

3= 2= ) + 2-n [0(4 —n) —np). (22)

By making use of equation (12) the above equation yields,

En(n—3)(p—0)* Kk (p+o)
2—n - 3(2—n)

(3o(n —3) 4+ p(3n—1)) = 0. (23)

Since (p— ) # 0 and k # 0, we have o = 0, which is not possible, as when
matter exists, o is always greater than 0. Thus the spacetime does not contain
pure matter.

Further we determine the sign of the pressure by considering equation (12) for
spacetime without pure matter,

(24)

Hence the result follows.
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Theorem 3.4 The square of the length of the Ricci operator in perfect fluid
spacetime without pure matter satisfying Finstein’s gravitational equation with
cosmological constant is ||Q||* = %[(n—l)(Z—i—kp)(kp—)\)—i-kp]—i-%(kp)2.
Proof 3.4 Einstein’s gravitational equation for a perfect fluid motion, is as
follows:

S(X,Y) + (A . g) 9(X,Y) = kT(X,Y). (25)
In view of equations (9) and (25), we get
S(X,Y) = (k‘p - g)) 9(X,Y) + k(o + p)AX)A(Y).  (26)

Now, at each point of the manifold, we take orthonormal basis {e;} : 1 < i <
n — 1. By substituting X =Y = e; and summing over 1 <i <n — 1 in (20),
we obtain

r=n=1) (ko= (A=3)) +k(+p) (27)

Rewritting 'r’ from above equation, we get
_2(n—1)(kp—X)  2k(c+p)

B-n) B_n) (28)
Substituting the value of v’ in equation (26), we obtain
S(X,Y) = ((k:p — N1+ g = 3) + ’?g’_*n?) 9(X,Y)+k(o+p)A(X)A(Y).
(29)
Replacing X by QX in equation (26), we get
B B (n—1), k(oc+p)
siQxy) = (- 00+ =+ ) aoxry
+k(o+ p)A(QX)A(Y).
On contraction, the above equation reduces to,
2 2(kp—A)
QI = W(2+k(0+p))((n—1)(/fp—A)+’f(0+p))+(b—a)/€(0'+ﬂ)- (31)
On substitution of the values for ’a’ and °b’ we get,
QI = 2525 2+ ko + ) (= 1)(kp = A) + k(o + p)
k(o + p) (32)
W(k’@ —n)(p+0)—k(p—o0)).
Putting o =0, the above equation reduces to,
2_2(1{:,0—)\) (1—mn) 2
1QI° = W[(” —1)(2+kp)(kp — A) + kp] + 2= n) (kp)™.  (33)

Thus the result follows.
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4 Perfect fluid spacetime with gradient soli-
tons

In this section we show that under certain conditions perfect fluid spacetime
represents dark energy. The investigations were made on dark energy[5] in
which the Lorentzian metric of a PFS, M denotes the dark energy. Further
in[4] K. De and U. C. De has charecterized perfect fluid spacetime whose
Lorentzian metric equipped with gradient m-quasi Einstein solitons represents
dark energy.

Theorem 4.1 Let M be a perfect fluid spacetime adorned with torse forming
vector field with éa = —bf. Then,

o(3—n)
(1-n) -

1. The state equation in a perfect fluid spacetime is governed by p = —

2. fis invariant under the velocity vector €.

Proof 4.1 Suppose g is the the gradient Ricci soliton on a perfect fluid space-
time (M, g, £&n, V) admitting a torse-forming vector field V.
We have,

(Vv A)(U) = Vv A(U) — A(VyU) (34)
= Vvg(U,§) —g(VvU,§) (35)
g(U, VvE) = g(U, V) + A(U)A(V) (36)

forall U,V € x(M) equation (1) imply that
QU = aU + bAU)EN U € x(M). (37)

Suppose the gradient Ricci soliton for some smooth function —f. Then from
(2), we get
VuDf =QU + AU, (38)

for allU € x(M).
We have
RWU,V)=VyVyDf -=VyVyDf =V Df. (39)

By using the above equation in (35), we get
R(U,V)Df = (VyQ)V — (VyQ)U. (40)
Taking Covariant derivative of (34) and utilizing (36), we obtain

(VuQ)V = (Ua)V + (UL)A(V)E + bg(U, V)& + bA(U)A(V)E
HDA(VIU + bA(V)A(U)E.

I~ =
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By making use of the above equation in (40), we get

R(U,V)Df = (Ua)V — (Va)U + (Ub)A(V)E — (VB)A(U )+

b(A(V)U — A(U)V). (42)

Taking orthonormal basis {e;} : 1 < i < n — 1 and contracting, the above
equation gives
S(U,Df)=(1—-n)(Ua)+ (Ub) + (£b)A(U) + (n — 1)bA(U). (43)
Replacing U by & in above equation, we get
S(&Df) = (1 =n)(a+b). (44)
From (1), we have
S(V.Df) = a(V )+ bAV)(ES). (45)

Putting V=€ in the above equation, we obtain

S Df) = al&f) —b(&f) (46)
Comparing (44) and (46) we get,
(@ =b)(&f) = (1 —n)(€a+b). (47)
Suppose €a = —b. Then (47) becomes
(a=b)(&f)=0. (48)

From previous equation it is illustrated that either a=b or & f=0.
So we can generalize two cases:
Case 1: If a =b and £f # 0 then from equation (11) it is illustrated that

o(3—n)

T

REDE (49)

which shows the form of the state equation in perfect fluid spacetime.
Case 2: If £f =0 and a # b, then it is seen that f is invariant under the vector
field &. Thus the result follows.

Theorem 4.2 Let (M,g,V) be a perfect fluid spacetime with torse-forming vec-
tor field V be such that

1. g is a gradient m-quasi Finstein soliton, m#£0 or

2. g is a gradient (m-p) quasi Einstein soliton, m#0 or
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3. g 1s gradient p-Finstein soliton,
then M denotes dark energy provided f, b and a are invariant under &.

Proof 4.2 Let (M,g) be Perfect fluid spacetime admitting torse-forming vector
field. Suppose g is a gradient m-quasi Einstein metric, (6) can be expressed as,

1
VuDf+QU =

Eg(U, Df)Df + AU. (50)

Applying covariant derivative in the above equation we get,
VyVyDf = —VVQU—F%VVQ(U, Df)Df—i—%g(U, Df)VyDf+AVyU. (51)
Interchanging U and V in the above equation, we obtain
VuVyDf = ~VuQV+-Vug(V, Df)Df +-g(V, Df)Vu Df+AVV, (52
and also, we have
VunDf = —QUUVI+ (U, VL. DNDS AU V). (53)

By making use of equations (51),(52)and (53) in R(U,V)Df = VyVyDf —
VyVuDf — Vv Df reduces to,
A

RUV)Df = (VyQU = (VuQ)V + — (VAU = (Uf)V) (54

LRV~ (VAIQU).
Utilizing (41) and (37) in the above equation we get,
RWUV)Df = (Va)U — (Ua)V + (VD)AU) — (Ub)A(V))¢
FHAWW — AV)D) + (VAU ~UHV) (55
F((UN(aV +DAWVIE) ~ (V) al + bAD)E)).

Taking orthonormal basis and by contraction in the above equation we get,

S, Df) = (Ua)(n —1) = (Eb)A(U) = (Ub) — (n — 1)bA(U)

\ 1 (56)
+—(n = 1(Uf) = —(a(Uf)(n = 1) = b(Uf) = bE,AU)).

Putting U= in the above equation we get,
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S(6,01) = (- ea+ )+ "V ager 57
Equating S(§, Df) of (46) and the above equation we get,
(€f)lmla=b)+ (n—1)(a = A)] = (n — 1)m(Ea +b). (58)

If f and a are invariant under the velocity vector field &, then we get from
above equation that b = 0. Thus this prooves first result.

Next suppose Perfect fluid spacetime with torse forming vector field admitting
(m-p)-quasi Finstein metric. Equation (5) can be expressed as,

VuDf +QU = (U, Df)Df + U (59)
By applying covariant derivative in the above equation we get,
VyVyDf = -VyQU+ %VVQ(U, Df)Df—i—%g(U, Df)VyDf+pVyU. (60)
Interchanging U and V in the above equation we get,
VuVyDf = —VuQV +--Vug(V, Df)DS +—g(V, D) TuDf+ 690V, (61
and also we have,
VumDf = —QIUVI+ —g([U,V],DHDS + AUV (62)

By making use of equations (60),(61) and (62) in R(U,V)Df =VyVyDf —
VVVUDf — V[uv]Df, we ﬁnd

R(UV)Df = (Va)U + (VB A(U)E + bA(U)V — (Ua)V — (UB)A(V)¢

g (UHQV — (VAQU).

(63)
—bAWV)U + (VU = (UF)V) +

1

m

Taking orthonormal basis and by contraction of the above equation we get,
SWU,Df) = =(Eb)A(U) = (n = DVA(U) + (n — 1)(Ua) — (Ub)

Sp - L o

Hn= DU ) = —(UHaln — 1) = b) = HENAWD)).

Replacing U by & we obtain,

S(6 DF) = (n = Db+ (0 = () + 2 (n ~ 1)(€) ~ - (0~ Dalef). (65)
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Equating S(§,Df) of (46) and the above equation we get,
{f(mla—b)+ (n—1)(a—p)) = (n—1)m(fa+D). (66)

We assume that f, b and a are invariant under the velocity vector field £, then
we get from the above equation that b=0. Thus the result follows for second
case.

We take perfect fluid spacetime as a gradient p- Einstein Soliton with V as
a torse forming vector field. Then, (4) can be expressed as

VuDf + QU = BU. (67)
By applying covariant derivative in the above equation we get,
VyVuDf =-VyQU + gV U. (68)
Replacing U By V in the above equation we get,
VuoVyDf =-=VyQV + BVyV. (69)

and also we have,

Vv Df ==Q[U V] +BlU,V]. (70)

By making use of (68), (69) and 70) in R(U,V)Df =VyVyDf—-VyVyDf—
Vv Df we get,

R(UV)Df = (Va)U + (Vb)AU)E + bAU)V — (Ua)V

—(UB)A(V)E — bA(V)U. (71)

Taking orthonormal frame field over i =1---n — 1 and by contraction of the
above equation we get,

S(U,Df) = (n— 1)Ua — Ub — (b)A(U) — (n — 1)bA(U). (72)

Replacing U by & in the above equation we get,

S, Df) = (n—1)(fa+b). (73)
Equating S(§, Df) of (46) and the above equation we get,
(€f)(a—b) = (n—1)(a+D). (74)

For constants f, b and a along &, we get b=0. Hence the result is obtained for
third case.
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5

Open Problem

In this paper we have examined some basic geometrical properties related to
perfect fluid spacetime equipped with torse forming vector field using Ricci
soliton. This type of work can be done by making use of Yamabe soliton in
which the results will be more itriguing.
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