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The basic idea of the present study is to apply the local
fractional Sumudu decomposition method (LFSDM) presented
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1 Introduction

The search for solutions to nonlinear differential equations, whether ordinary
differential equations, partial differential equations or integral differential equa-
tions with integer order or fractional order, is one of the most difficult steps
that researchers face in the field of mathematics or physics.

For example, the Lane-Emden equation of index m and Emden-Fowler
equation of index m are a nonlinear equations either integer order or fractional
order, which has taken a large amount of scientific research, for example, among
the articles that discussed the solutions of the Lane-Emden equation, we find
(2], [13], [16], [17], [18], [20], [29], [30]), as well as among the articles that
discussed the solutions of the Emden—Fowler, there are ([5], [6], [8], [9], [14],
[15], [19], [22]). Among the methods that have taken a wide space from the
researchers’ work and have been used a lot in solving differential equations of
all kinds and of different orders, there is the Adomian decomposition method
and in the abbreviation (ADM), which is among the most famous methods
developed recently, where it was developed between 1970s and 1990s by George
Adomian ([2]-[4]).

With the new concepts of fractional derivative and fractional integral, as
well as local fractional derivative and local fractional integral, researchers were
able to use the ADM method to solve these new type of equations or systems
which include, local fractional differential equations, local fractional partial
differential equations and local fractional integro-differential equations ([7],
[10], [26], [27], [28]). One of the additions made to this method, is to combine it
with some transformations such as Laplace transform and Sumudu transform,
so the results of using this new method were effective. Among these works
we find the local fractional Laplace decomposition method ([11], [38]) and the
local fractional Sumudu decomposition method ([31]-[37]).

The objective of this study is to apply the local fractional Sumudu de-
composition method suggested by Ziane, D., et al..[31], to solve nonlinear
Lane-Emden equation of index m with local fractional derivative and nonlin-
ear Emden—Fowler equation of index m with local fractional derivative, then
we compared the obtained results with the results of other works in the case
of o = 1.

2 Preliminaries

In this section, we will present the basics of local fractional calculus, these
concepts include: Local fractional derivative, local fractional integral, some
important results and local fractional Sumudu transform.
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2.1 Local fractional derivative

Definition 2.1. The local fractional derivative of ®(r) of order o at r = rq is
defined as ([24)],[25])

c-g_-smn
where
A%(D(3) = ©(50)) =T(1+0) [(P(5) — P(50))] - (2)

For any » € («a, 3), there exists
) () = DI(30),

denoted by
®(x) € D7 (e, B).

Local fractional derivative of high order is written in the form

m times
) (30) = DY)+ DLD (), (3)
and local fractional partial derivative of high order
m times
oD () O° o
— - 16} . 4
O™mo 0° 0x° (%) (4)

2.2 Local fractional integral

Definition 2.2. The local fractional integral of ®(3¢) of order o in the interval
o, ) is defined as ([23),[25))

B
1
I(U)(I) - - ® 4r)°
ol ®(5) F(1+a)/ (1) (dr)
1 N-1
T Tito) Am; o) (AT), (5)
where ATy = Tj41 — 75, AT = max {A7y, A1, ATy, - -+ } and [15,Tj1], 7o =

a, TN = B, is a partition of
the interval (o, B]. For any s € («, B), there exists

denoted by
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2.3 Some important results

Definition 2.3. In fractal space, the Mittage Leffler function, Hyperbolic sine
and hyperbolic cosine are defined as ([24)],[25])

+oo mo
ye
EG) =S % 0<o<l, 6
() n;)l“(l—irma) =7 (6)
+oo (2m+1)c
y
in,(>7) = 3 (—1)" . O<o<1, 7
+oo %2mo
COSU(%J) = Z (—1) m, O<o < 17 (8)
m=0

The properties of local fractional derivatives and integral of non-differentiable
functions are given by ([24],[25])

de 2O J{(mfl)a

Ao T(1+mo) D(L+ (m— 1)) )

do— g log
T o(27) = Eq(57) (10)
y sin, (57) = cos, (7). (11)
%0'

d° :

T €08, (37) = —sing (7). (12)
mo (m+1)o

0= -~ (13a)

*T(l+moe) TA+(m+1)o)

2.4 Local fractional Sumudu transform

We present here the definition of local fractional Sumudu transform (denoted
in this paper by ££'S,) and some properties concerning this transformation
[21].

If there is a new transform operator LF'S, : ®(3) — F (u), namely,

LFS, {Z am%mff} =) T(1+mo)a,u™. (14)
m=0

m=0
As typical examples, we have

LFS,{E, (i)} = Y i u™™. (15)

m=0
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LFS, {m”—ia)} = (16)

Definition 2.4. [21] The local fractional Sumudu transform of ®(r) of order
ois defined as

[ 12
(I) _ o 0 o g 1
LFS, {20} = Fo(0) = 5109 /E U @y, 0 <0
0
(17)
Following , its inverse formula is defined as
LES;H{ Fo(u)} =®(5%), 0<o<1. (18)

Theorem 2.5. (linearity). If LES, {®(»)} = F,(u) and LFS, {p(s)} =
U, (u), then one has

LFS; {®(5) + ¢(5)} = F o(u) + Vo (u). (19)
Proof. Relying on the definition, we can easily prove the linearity. O]

Theorem 2.6. (1) (local fractional Sumudu transform of local fractional derivative).

If LFS,{®(5)} = F ,(u), then one has

LFSU{dG(I)(%)} :M' (20)

d® ue

As the direct result of (20]), we have the following results. If LFS, {®(3)} =
F o (u), we obtain

dnoq)(%) _ ko ka
LFSU {W} ung ZU @ (21)
When n = 2, from , we get
d*7 () 1 oo
LFS”{ 520 } Ty [Fo(u) = @(0) —u ! )(0)} : (22)

(2) (local fractional Sumudu transform of local fractional integral). If LF'S, {® ()} =

F o (u), then we have
LFS, {oI0(5)} = uF ,(u). (23)

Proof 2.7. see [21)]
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Theorem 2.8. (local fractional convolution). If LFS,{®(s)} = F ,(u) and
LFS, {p(s)} = V,(u), then one has

LEFS, {®(5) * p(3)} = uF ()T, (u), (24)

where

D (32) x p(52) 1+a /<I) 7)(ds)?.

Proof 2.9. see [21]

3 Local Fractional Sumudu Decomposition Method

Let us consider the following nonlinear operator with local fractional derivative
[31]:
Ly (V(5)) + Rs (V(5)) + Na (V(5)) = g(r), (25)
amo’

where L, = 55, (m € N*) denotes linear local fractional derivative operator
of order mo, R, is the remaining linear operator, N, denotes nonlinear operator
and g(s¢) is a source term.

Taking the local fractional Sumudu transform (denoted in this paper by
LFS, ) on both sides of (25]), we get:

LFS, [Ly (V(5))] + LFS, [Ry (V(5¢)) + Nu (V(50))] = LFS, [g(5)].  (26)

Using the property of the local fractional Sumudu transform, we have:

m—1

9V (0

1P, Vi) = VIO
k=0

0™ (LFS, [Ry (V(5)) + Ny (V(32))]),,

+ 0™ (LFS, [g()]) (27)

Taking the inverse local fractional Sumudu transform on both sides of ([27),
gives:

m—1 Lo aka'v(o) %ka

V) = S R ey T LS (0 (LFS, ()
— LES; (0" (LFS, [Ry (V) + Na (VG . (28)

According to the Adomian decomposition method [2], we decompose the
unknown function U as an infinite series given by:

= Va(s). (29)
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and the nonlinear term can be decomposed as:

=) Au(V), (30)

where A,, are Adomian polynomials [39] of Vg, Vi, V4, ..., V,, and it can be cal-
culated by the formula given below:
. n=01,2---. (31)

I S
A, =——|N 'V
" n!@)\”[ 0(2)\%)
i=0 A=0
Substituting (29) and (30]) in (28)), we get:

) m—1 ko sk
St = 3 |7 |+ Lrst o wrs, o)

a%ko T(1 + ko)
Ry Y Va(s)+ ) A (V) ) )(32)

— LFS;* <va <LFSG

On comparing both sides of , we have:

ko %ka
) = 3 [T s | + LS 0 (LFS, ).
NG = — LES; (0" (LES, (R (Vi) + Ao(V) (33
Valx) = — LES; (077 (LFS, [Ro(Va() + A(V).

Vs(s) = — LFS;' (v (LFS, [Rs(Va(5)) + A2(V)]))

The local fractional recursive relation in its general form is:

m—1 ko o
Vo() = 3 ot i + LES; (0" (LFS, (),

Va(s) = - LFS N (LESe [Ro (Vo (32)) + Ana (V))])),

(34)
where 0 < ¢ < 1 and n,m € N*,

4 Applications

In this section, we will apply the method presented in the previous paragraph
[31], which is "local fractional sumudu decomposition method (LFSDM)”, to
the Lane-Emden equation of index m with local fractional derivative and
Emden—Fowler equation of index m with local fractional derivative.
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Lane—Emden equation of index m with local fractional derivative
Consider the following Lane-Emden equation of index m with local frac-
tional derivative:

0*V(x) 2 (14 0)0°V(x)

+vm = <1,
0320 n° 0x° (3)=0,0<0 (35)
with the initial conditions:
97V (0)
V(0)=1 = 0.
(0) T 0x° 0 (36)

It should be noted here, that the exact solutions in the case o = 1, exist
only for m = 0;1, and 5.
To facilitate the solution of Eq. , we use the following transformation:

»

%% =V 37
) = F V(). (37
so that — A
00 I(14+0) 03x° + V(%)7 (38)
82"W(%) o 2% 82‘7V(%) + 28"1/(%)
029 7 T'(140) Os2° 0x°

Substituting and into Eq., gives the following new local frac-

tional differential equation:

aQaw(%) N J{(1—771)0'
0% (L(1+0) "

with the initial conditions

Wm=0, m=0,1,2,.., (39)

97w (0)
0x°

From and , the successive approximations take the form:

W(0) = 0,

=1. (40)

W()(%) = 1“(1{—4(;0-)7

W(3) = —LFS;! (w% (LFSU [%A,H(W)D) S,

(41)

where A,,_1 (W) denotes the polynomials of Adonmian [39], and therefore, the
first three terms are given as follow:

Ay(W) = Wy,
A1<W> = lewg)nil,
_1
A(W) = mWoWrt + uwﬁwgﬂ, (42)

2
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According to the successive formula (1), we get:

tog

Wo(>) = 75757
Wi(5) = —LEFS:! (w% <LFSU [(F(ﬁ—””AO(W)])) ,
Wa(s) = —LFS;! (w2o (LFSJ [(F(li—T’”ﬂRAl(W)D) : (43)
Wa(s) = —LFS:! <w2" (LFSU [%AQ(W)])) ,

and so on.
From the formulas , the first terms of local fractional sumudu decom-
position method is given by:

o

Wo(>) = gy
Wi(s) = %,
Wa(x) = T(i150) (44)
Ws(5) = — [m + g )F(&??ga()l)ga)] F(iﬁo)’

and so on. According to the first terms, the solution in the form of a series
for the equation , is given by:

P<]‘+U) 20 F(1+0> 4o

V() TT1+30)" T"TA+50)”
s mm—1)T1+50)T(14+0)] T(1+0)
T T+ |70 T

Even for the equation with the local fractional derivative, we will discuss
the solution in the three cases mentioned above.
Case 1: For m = 0, the exact solution of the equation is given by:

'l+o) ,
V(n)=1— ==,
G9) T(1+30)
Case 2: For m = 1 the solution V() in series form is given by:

%20' %40 %60

V() =T(1+0) (1_F(1+30)+F(1+50) _P(1+7a)+"'>’ (46)

therefore the exact solution is given in the form:

sin, (%)
S

I'(1+0)

Vi) = (47)
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Case 3: For m = 5 the solution V() in series form is given by:

1_ 220 4 5xde 25 + 10I‘(1+50)I‘(1+a)]
V(%) -7 (1 + 0_) ( I'(1+30) F(1+5260 (F(1+35))2_ ’ (48)
XTrre) T

In cases where 0 = 1, we obtain

72t 5

V() 6 To4 az T (49)

which is the same results obtained in the work presented in articles [23].

Emden—Fowler equation of index m with local fractional deriva-
tive

The Emden—Fowler equation of index m with local fractional derivative is
given by:

0?7V () N 2I' (1+0) 07V (x)

05220 P 9 +ax"V™(%) =0, 0<o <1, (50)
and with the initial conditions:
V(0) =1, V{7(0) = 0. (51)

It should be noted here, that the exact solutions in the case o = 1, exist
only for m = 0;1, and 5.

The only value that cause us problems in solving this equation is » =
0, then we exclude this value and we solve the equation. To overcome this
difficulty, we use the transformations and into , we have the
following new local fractional differential equation:

aQaw(%) N a%(lJrnfm)a
Ox*  (T(1+o) ™

wm™=0, m=0,1,2,.., (52)
with the initial conditions
W(0) =0, W(0)=1. (53)

From and , we obtain the following successive approximations:

Wo(%) = w3525
W) = — LS (e (LS, [see A ])). nz1, O

where A,_1(W) denotes the polynomials of Adonmian [39], given by the

formulas .
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According to the successive formula (54)), we get:

Wo() = p(?—ig)
W (5) = —LFS;l( <LFS [MAO(W) ))

Wa(s) = ~LFS; " (w* (LFS, [%Al(m} ). (55)
Wy(s) = ~LFS; ! (w? (LFS, [0 A,w)] )

and so on.
From the formulas and the polynomials of Adonmian , the first
terms of local fractional sumudu decomposition method of Eq.7 are given
by:

Wo(%) = r(ﬁw
_ T[1+(n41)o] nt3)o
M = e
o 2 I'[1+(n+1)o|xI'[14+(2n+3)o 2n+5)o
WQ(%) ma I(1+0)I[1+(n+3)o] x'[14+(2n+5)0] o) ’

Wg(%) _ —ma3 m T'[1+(n+1)o]xT[1+(2n+3)0] 3 + m—1 F[1+(n+1)g]2 ]

T(140)T[1+(n+3)o| xT[1+(2n+5) 2 I(140)[14+(n+3)o]?
% I1+(3n+5)a] . _(3n+7)o
T[1+(3n+7)o] )

2

(56)

and so on. Therefore, based on relationship , the non-differentiable
solution series is given as:

_ Il+(n+1)0] o0 2L+ (n+ o] x D1+ (20 +3)0] o140
Vi) = 1=arn s ]"( ) T m+3)o| xT[1+ 2n+5)0] )
o | L (Dol XTI+ (2n43)0] m—1T[1+(n+1) o]? (57)

T+ (n+3)o] xT[1+ (2n+5)0] 2 T[4+ (n+3)o)

I'[1+ (3n+5)0] L (Bn+6)0
14+ @Bn+7)0]
Even for the equation with the local fractional derivative, we will discuss
the solution in the three cases mentioned above.
Case 1: For m = 0 and n = 0, the exact solution of the equation , is
given by:

r

—a (1 + U) %20'.
I'(1+ 30)

Case 2: For n = 0 and m = 1, the solutionV (r) in series form is given by:

_ (Vax)' | (Vax)'  (Vax")
Vi) =T{1+0) <F(1+a) T T(1+30) T(1+50) I(1+70) +> ’

V(s) = (58)

(59)
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therefore the exact solution of Eq., it takes the following form:

sin, (v/ax®
V() = % (60)
I'(1+0)

Case 3: For n = 0 and m = 5, the solution V() in series form, is given by:

ey ~ ortaEy + 0 e

I'(1+o I'(14-30 I'(1+50

V(x)=T(1+0) ( _ a3 o5 4 100(1450)0(140) | a6 T ) ) (61)
a (D(1430))? L(1+70)

When we substitute ¢ by 1 in the previous three cases, we get the same
results as in articles [23].

5 Conclusion and open problem

In this work, we have applied the local fractional sumudu decomposition
method (LFSDM) to solve nonlinear Lane-Emden equation of index m with
local fractional derivative and nonlinear Emden-Fowler equation of index m
with local fractional derivative. The method proved to be effective in solving
these two equations with local fractional derivative, where we have seen that
the solutions are precise and of the type of nondifferential functions. Based on
these results, it can be said that this method is effective in solving nonlinear
local fractional differential equations of this type.
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