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Abstract

The fundamental mathematical problem that remains un-
solved is the generalization of maximality chain conditions for
chains of homomorphisms in topological spaces. We give max-
imal chain properties in bitopological spaces with consideration
to elements which are unique and non-isolated.
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1 Introduction

Considerations have been given to homomorphisms on topological spaces and
their properties have been characterized for along period of time with inter-
esting results obtained(see [4] - [14] and the references therein). There exits a
fundamental mathematical problem that exists on maximality conditions for
chains in general topological spaces [1], [2], [3] and [15] which is: Does there
exist unique non-isolated maximal elements in a topological space that satisfy
strong convergence in a general setting?. Many considerations have been given
in special cases as solving this problem in a general setup has been elusive
since the underlying structures in various space are intricate and varies from
one space to another. This is the question that this paper addresses. Below
we frame is the main theorem of this work.
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Theorem 1.1 Every convergent sequence in a bitopological space B is Cauchy
and converges to a unique maximal non-isolated element in B.

Before we move to the proof of our main result, we first provide some prelim-
inary notes which are useful in the sequel in the next section.

2 Preliminaries

This sections provides some definitions and notations. Throughout this work
we denote lower semi-continuous and upper semi-continuous by lsc and usc
respectively.

Definition 2.1 Let B be a non-empty set and τ1, τ1 be topologies on B.
Then the ordered triple (B, τ1, τ1) is called a bitopological space.

Remark 2.2 For simplicity we denote a bitopological space (B, τ1, τ1) by B
unless otherwise stated.

Definition 2.3 Consider the homomorphism J :B×B → [0,∞) on a bitopo-
logical space B. Then {ξn}n∈N is a Cauchy sequence in a metrizeable bitopo-
logical space B, if for every ϵ > 0 there exists an n0 ∈ N such that each
m,n ∈ N , J(ξn, ξm) < ϵ, whenever n0 < m < n.

We extend the notion of unique and non-isolated element for generalized
pseudo-metric spaces found in [2] to the case of bitopological spaces.

Definition 2.4 Consider the bitopological space B an a mapping J :B ×
B → [0,∞).We call J unique and non-isolated in B if the following conditions
are satisfied:

(i). J(z, x) ≤ J(z, y) + J(y, x), for all, x, y, z ∈ B,

(ii). J(·, x) is lsc(respectively usc), x ∈ B,

(iii). Each Cauchy sequence in B is a Cauchy subsequence in Bn.

The main results of this work follows immediately in the next section.
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3 Main results

Now, we give the main results of this study. First, we state some auxiliary
results and we express our conditions by removing the compactness condition
on B as follows.

Proposition 3.1 Let B be a bitopological space. Then every sequence in B
is convergent.

Proof. The proof is trivial and equally follows the proof of convergence condi-
tions in [1].

Proposition 3.2 Let B be a uniform bitopological space. Then any B-
unique and non-isolated J on B satisfies J(a, b) = 0 and J(b, a) = 0 which
yields b = a, for all a, b ∈ B.

Proof. Suppose that J(a, b) = 0 and also j(b, a) = 0. Fix a2r−1 = a and
a2r = b, for some positive r ∈ N . It is easy to see that, J(ξn, ξm) < ϵ holds
for each m ̸= n whereby m,n ∈ N , and {ξn}n∈N is Cauchy in B by Condition
(iii) in Definition 2.4, i.e. a = b. This completes the proof.

Remark 3.3 Suppose that J :B × B → R and K:B → R are homomor-
phisms and J satisfies Condition (i) in Definition 2.4, then the following rela-
tion defines transitivity condition ∝:

b ∝ a iff ψ(b) + J(b, a)−K(a) ≤ 0, for alla, b ∈ B. (1)

The following lemma is an analogy of uniqueness for Bergman spaces which
are not necessarily uniform.

Lemma 3.4 Suppose that B is a complete bitopological space and J be B-
unique and non-isolated in B. Suppose also that K:B → R be a lsc homomor-
phism bounded below. Let V ⊂ B be a nonvoid maximal chain (for ∝) such
that J(a, b) = 0 or J(b, a) = 0, for each a, b ∈ V , a ̸= b. Then V has a unique
non-isolated maximal element.

Proof. Maximality of the element follows from [15]. Uniqueness and the ele-
ment being non-isolated follows from [12]. Now, by convergence conditions of
Proposition 3.1, the zero property of 3.2 and Transitivity of Remark 3.3, the
proof is complete.

Lemma 3.5 For every complete bitopological space B, a map J on B tends
to a maximal point in B.
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Proof. Since the sequences are Cauchy then completeness is guaranteed. The
rest follows from 3.4. This completes the proof.
At this juncture, we proceed to proving Theorem 3.6.

Proof. We continue with Proof of Theorem 3.6 as follows. Since convergence
is a requirement, this is guaranteed from Lemma 3.5. Other conditions follow
immediately from Proposition 3.2 and Lemma 3.4. We only need to prove
that every convergent sequence is Cauchy which is immediate from [2]. This
completes the proof.

Corollary 3.6 Every convergent sequence in a compact a bitopological space
B is Cauchy and converges to a unique maximal non-isolated element in B.

Proof. The proof follows analogously from the proof of Theorem 3.6 with the
inclusion of compactness conditions for bitopological spaces.

4 Open Problem

Does Theorem 3.6 hold for N -topological spaces in general?
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